Distinguishing between topological Majorana zero modes and quasi Majorana modes -trivial low energy Andreev bound states -is an important step towards realizing topological hybrid nanowire devices. We propose that this distinction can be made by connecting a hybrid nanowire to a dissipative resonant level realized by a quantum dot weakly coupled to high resistance leads. We show that the qualitative temperature scaling of the width of the resonant level zero bias conductance peak provides a signature unique to true Majorana zero modes. The degeneracy induced by a true Majorana zero mode is further shown to stabilize this conductance peak against particle-hole asymmetry.
Majorana zero modes (MZMs) -self-conjugate and gapless states confined to boundaries or defects in topological superconductors (SCs) -have attracted enormous attention in the last two decades [1] [2] [3] [4] . On top of their non-Abelian statistics and close connection to quantum computation [5, 6] , MZMs are expected to influence a wide variety of physical phenomena such as spin-selective Andreev reflection [7] , exotic single- [8] [9] [10] [11] and multi-terminal [12, 13] Josephson effects, and non-local correlations [14] . MZMs may also arise in non-topological systems, such as boundary impurity problems, where they manifest non-Fermi liquid behaviour due to interactions and frustration [15] [16] [17] .
A well-studied system proposed to host MZMs is a strong spin-orbit coupled semi-conducting nanowire [18, 19] . In proximity to an s-wave SC, and above a critical external magnetic field, the wire is expected to enter the topological regime: effectively a spinless p-wave SC with exponentially localized edge MZMs [8] . Such an isolated edge MZM has been predicted to generate a topologically protected 2e 2 /h zero bias conductance peak (ZBCP) due to perfect Andreev reflection [20] [21] [22] [23] , a target of intense experimental work [24] [25] [26] [27] .
An increasing amount of work indicates however that pairs of low energy Andreev bound states, so-called pseudo-or quasi-MZMs (qMZMs), can be generated quite generally in the trivial regime, for wide ranges of parameters [28] [29] [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] . For instance, a smooth wire confinement potential can generate qMZMs with a coupling energy exponentially small in the inverse potential slope [29] , thereby making them difficult to distinguish from true, topologically induced MZMs. These results suggest that ZBCPs close to 2e 2 /h could potentially come from qMZMs and can therefore not be uniquely attributed to topological superconductivity. It has however been pointed out that qMZMs can, under certain circumstances, mimic also other behaviours of MZMs, including non-Abelian statistics (see e.g. Ref. 36) .
In this Paper, we show that topological MZMs and qMZMs can be distinguished by coupling the edge of a SC nanowire to a frustrated dissipative resonant level (DRL), realized by a single level quantum dot weakly coupled to two dissipative leads (see Fig. 1a ). MZMs in dissipative environments have been studied before [40] [41] [42] , and we show here that coupling the DRL to a topological MZM or two qMZMs generate drastically different experimental features in terms of (i) the position of the low-temperature ZBCP through the DRL and (ii) the low temperature scaling of this ZBCP width (half width at half maximum) (see Fig. 1b ). Coupling the dot to a MZM, the ZBCP is stable even off-resonance, with its width increasing as ∼ T −1/(1+r) with decreasing temperature. This widening saturates when the detuning becomes comparable to energy scales on the order of the SC gap or the dot level spacing. In stark contrast, coupling the dot to a qMZM pair, the ZBCP instead shifts away from resonance and upon lowering the temperature its width decreases as ∼ T r/(1+r) , similarly to that of an isolated DRL model [17, 43] . These distinct features thus provide evident experimental signatures for singling out topologically induced MZMs in hybrid nanowire devices.
The basic physical mechanism underlying these disparate features is that only the true MZM provides a necessary degeneracy otherwise only obtainable by fine-tuning the dot to the particle-hole symmetric point [17, 43] . This degeneracy uniquely stabilizes the DRL strong coupling (renormalization group, RG) fixed point. The relaxation of the particle-hole symmetry requirement is a manifestation of the topological Kondo effect, in which MZMs provide a "non-local" degeneracy induced by topology [44, 45] . Our work thus provides an example where topology replaces an otherwise required symmetry in a boundary system.
Model.-The quantum dot and dissipative leads (with Ohmic dissipation R) realizing the the DRL is described by the Hamiltonian
in which c † α,k is the creation operator of a free electron with momentum k and energy k in lead α = L, R. The dot Hamiltonian H dot = d d † d includes only a single energy level d , defined with respect to the lead Fermi levels and is tunable through a back gate voltage V g (see Fig. 1a ). Finally, the point arXiv:2002.04408v2 [cond-mat.mes-hall] 18 Feb 2020
Schematics of a hybrid nanowire coupled to a dissipative resonant level model realized by a quantum dot and high resistance leads. The lead-dot couplings are VL,R and the dot energy d is tunable through the backgate voltage Vg. Tunneling events through the dot induce dissipation through the Ohmic impedance R, parametrized by r ≡ Re 2 /h. The nanowire couples either a single topological MZM or a qMZM pair to the dot. (b) The half width at half maximum (HWHM) of the zero bias conductance (dI/dV |V 0 =0) peak as a function of the temperature T in the strong coupling limit (i.e., below the characteristic temperature Tc). MZM and qMZMs induce disparate HWHM scalings with decreasing T . The two temperature scales T1 ∝ max(t1, t 1 ) and T2 ∝ max(t2, t 2 ) < T1 [see Eq. (4)] mark respectively the scale where the dot-wire coupling is revealed and where a single MZM and a pair of qMZM are distinguishable.
tunneling Hamiltonian
describes dot-lead tunneling, with strengths V L and V R . The phase fluctuation operator ϕ is conjugate to N L − N R , where N L,R are lead number operators. The operator exp(±iϕ/2) thus describes charge tunneling and the associated charge relaxation that couples to the dissipative bath [46, 47] . For an Ohmic dissipation with a linear spectral density [48] , ϕ acquires effective dynamics (in time τ ) after integrating out the dissipative modes [46] e iϕ(τ ) e −iϕ(0)
where r = R/R Q is the dimensionless dissipation in units of R Q ≡ h/e 2 . Noticeably, with generic parameters, the low temperature conductance G of the DRL model is greatly suppressed: the so-called dynamical Coulomb blockade effect [46, 49, 50] , goverened by a weak coupling fixed point. However, for a fine-tuned parameter choice V L = V R = V and d = 0, the system flows instead towards a non-Fermi liquid strong coupling fixed point characterized by a perfect ZBCP G = e 2 /h [17, 43, 47] and a finite residue entropy [16, 51] . Similarly to the two-channel Kondo model [15] , this critical point occurs due to the frustration between the two equally coupled leads as well as the symmetry induced dot degeneracy [52] . The sensitivity of the low temperature conductance around this point against symmetry breaking is thereby a useful platform to investigate the influence of topological MZMs. We next introduce a low energy effective model for the SC nanowire, which provides either a single true MZM, γ 1 , or a pair of weakly coupled qMZMs, i M γ 1 γ 2 (see Fig. 1a ). For the qMZM scenario, γ 1 and γ 2 couple to dot Majorana operators with the strengths t 1 , t 1 and t 2 , t 2 , respectively [53] . The MZM scenario then corresponds to t 2 = t 2 = M = 0. Due to the external magnetic field, the system is effectively spinless and one of the qMZMs couples more strongly to the dot level [36] . Without loss of generality we therefore assume t 2 , t 2 t 1 , t 1 [54] . Moreover, since for large M , the qMZMs effectively form a gapped singlet and vanish from the low energy sector, we also restrict ourselves to the most interesting regime M t 1 , t 1 [53] . Our general Hamiltonain then reads
Bosonization and basis transformations.-The correlator τ −2r in Eq. (3) suggests that ϕ acts as an effective free bosonic field whose vertex operator exp (±iϕ) has the scaling dimension r. Dissipation thereby crucially affects the low energy transport in the form of an "artificial" Luttinger parameter [55] [56] [57] . To reveal this important property, we bosonize the lead operators [47, 58] 
where F L,R are Klein factors, φ L,R are two chiral lead bosons, and a is our UV cufoff (e.g. the lattice constant). We find it further convenient to introduce the following charge and flavor bosons
With these fields, ϕ and φ f always occur with the same sign in Eq. (4), which suggests the following additional useful linear combinations [47, 59] 
As a further simplification, we perform the unitary rotation
We then obtain the effective tunneling Hamiltonian
where : ψ † c ψ c (0) :∼ ∂ x φ c (0) from refermionization. Note that ϕ completely decouples. In the new basis, the influence of dissipation r on the RG flow of the coupling parameter V is manifest. Crucially, the last term in Eq. (8) corresponds to the parallel interaction J z in the Kondo model [60] and thus modifies the critical temperature T c below which the system enters the strong coupling regime. However, it has been shown (see e.g. Ref. 51) that its scaling dimension increases upon low energy RG flow and becomes irrelevant. We therefore discard it for our low temperature analysis [61] .
Ground state analysis at the Toulouse point-The boundary residual entropy of an isolated DRL strong coupling fixed point has been established to be S = ln √ 1 + r [16] , i.e. it is dissipation dependent. A particularly interesting situation occurs when r = 1 (the so-called Toulouse point [15] ), where the DRL part of H can be refermionized and solved exactly. Near the strong coupling fixed point, the tunneling Hamiltonian then reads
where ψ f ≡ exp(iφ f )/ √ 2πa. From Eq. (9), it is clear that while one impurity Majorana operator is involved in the leaddot coupling, the other decouples and the ground state impurity entropy is therefore non-Fermi liquid like with S = ln √ 2. Note that this free MZM is generated by frustration (cf. the two-channel Kondo effect [62] ) rather than topology. The other zero-mode partner is effectively located at infinity (since we assume infinite leads) and thus does not enter our analysis.
Coupling the r = 1 DRL to a topological MZM, it follows that at the strong coupling fixed point, the two available MZMs tend to hybridize and form a singlet, i.e. a Fermi liquid like ground state with S = 0 (see Fig. 2a ). At the weak coupling fixed point, one MZM instead remains decoupled and again S = ln √ 2. From the g-theorem (see e.g. [63] ), which states that for a boundary system, the RG flow is towards the fixed point with the lower boundary entropy (with the bulk staying in the same universality class), it follows that if coupled to a topological MZM, the strong coupling fixed point with G = e 2 /h is preferred. Importantly, the direction of the flow is stable against finite d , since the MZM provides the necessary degeneracy, otherwise required by fine tuning.
The situation is the very opposite for qMZMs. At low temperatures, the strong coupling fixed point causes the impurity MZM to gap out one of the qMZMs while the other remains, generating S = ln √ 2 (see Fig. 2b ). At the weak coupling fixed point, all Majorana operators combine into pairs and S = 0. Hence, the weak coupling fixed point with G = 0 is preferred. We may therefore conclude that the MZM and qMZM scenarios in the wire cause DRL RG flows towards distinct fixed points with different entropies. These entropies might be detectable by the schemes proposed in several recent studies [64] [65] [66] .
Conductance scaling.-As a probe of the fixed points, we compute the zero bias (differential) conductance through the dot with
where ω is the energy, C(ω) = A(ω)Γ/2 is proportional to the dot spectral function A(ω) obtainable for instance by the equation of motion method [67] , Γ = πρV 2 is the dot level broadening, ρ is the lead density of states, and n F (ω, T ) is the Fermi distribution function. To leading order in ω, we find
The exact low-temperature zero-bias conductance [i.e. Eq. (10)] is presented for various parameters in Fig. 3 . We see that in the topological MZM scenario, G = e 2 /h for the low temperature conductance peaks, which decreases only slightly away from d = 0. This feature suggests a stabilization of the critical point by the topology-induced degeneracy, i.e., that in the topological Kondo effect. Furthermore, Eq. (11) indicates that the peak width ∼ max(t 1 , t 1 ) · Γ/T increases with decreasing temperature, with an onset of enhancement at T ∼ t 1 . At T = 0, G = e 2 /h for all d . In contrast, the qMZM scenario presents two other distinct ZBCP features: a shift of the peak position and a vanishing width with decreasing temperature. In particular, at T = 0, the ZBCP vanishes for all d except when d M + t 1 t 2 − t 1 t 2 = 0, where only one qMZM effectively couples to the dot [53] . We therefore conclude that coupling the DRL to qMZMs, the ZBCP shifts from d = 0 to d = (−t 1 t 2 + t 1 t 2 )/ M , which signifies the presence of qMZMs. We emphasize that while a small shift is a generic feature of qMZMs with weak M , it is here strongly amplified by the dissipation. Furthermore, at finite temperature, a scaling analysis yields a low temperature peak width ∝ T 1/2 , identical to that of the isolated DRL model with r = 1 [17, 43] . We emphasize that Eqs. (11) and (12) refer to distinct fixed points and the former cannot be obtained from the latter by directly setting t 2 = t 2 = d = 0. Indeed, Eq. (12) holds only for ω ∼ T < T 2 (see Fig. 1b ). With decreasing T 2 , we expect a crossover from the qMZM to the MZM scenario.
Discussion.-While quantum dots have been proposed before in the detection of MZMs (see e.g. Ref. [68] ), we emphasize here the importance of strong (r ≈ 1 ⇔ R ≈ 26kΩ) dissipation. With negligible dissipation, the boundary quantum phase transition, which is highly sensitive towards parameter detuning, disappears. The zero temperature conductance is then always Lorentzian and its response to temperature variations is comparatively much weaker [53] . Dissipation thereby improves the detection of qMZMs by effectively amplifying the weak M and t 2 , t 2 .
We now argue that relaxing the assumption r = 1 does not qualitatively change our results as long as 0 < r < 2 [47] . The presence of a MZM only gaps out one impurity MZM, leaving the other impurity MZM to bridge the transport through the quantum dot. In comparison, both impurity MZMs are gapped out by two qMZMs, thus blocking the transport at zero temperature. A more detailed RG study [53] indicates that near the strong coupling fixed point, the leading transport-reducing operators have scaling dimensions 1+1/(1+r) and 1/(1+r) for the MZM and qMZMscenarios, respectively. In turn, these scaling dimensions generate respective width scalings ∼ T −1/(1+r) and T r/(1+r) (see e.g. Ref. 59 ). These power-laws reduce to T −1/2 and T 1/2 when r = 1, in perfect agreement with Eqs. (10)- (12) .
We have generally assumed a negligible overlap to the MZM residing on the opposite edge of the wire. This is ensured by using a sufficiently long wire [8] . It was also recently shown [42] that an additional DRL can be exploited to mitigate such an overlap. Incorporating a small but finite overlap in the MZM scenario corresponds in our model to M = t 2 = t 2 = 0 which results in a peak centered at d = 0 whose width decreases with decreasing T [53] . Our model thereby generates unique features for also this scenario.
To roughly estimate the experimental feasibility of our proposal, we consider the setups in Refs. 17 and 43 for the DRL model and Ref. 26 for the Majorana coupling parameters. For the DRL system, a dissipation of r = 0.75 yielded G ≈ e 2 /h around 50mK, which is also approximately the temperature around which the latter reference shows an onset of the low energy state induced ZBCP. Under these conditions, assuming further t 2 /t 1 ∼ 10 −2 , a temperature range ∼ 1 mK should be sufficient to detect the DRL ZBCP width scaling as ∝ T −1/(1+r) , or a peak position shift with decreasing temperature. Assuming instead t 2 /t 1 ∼ 10 −1 (i.e. a sharper wire confinement potential) experimental features should be visible as high as T ∼ 10 mK.
Before concluding, we highlight the intricate relation between symmetry and topology. Normally, symmetries of a system provide the possibility of a topologically non-trivial phase (see e.g. Ref. 69 for a review). Our findings here provide an example where topology replaces a fine-tuned particle-hole symmetry, and thus serves as a tool to realize phenomena where fine-tuning would otherwise be required.
Summary.-We showed that a DRL coupled to a topological MZM exhibits at low temperatures a ZBCP of height G = e 2 /h and a width scaling as ∼ T −1/(1+r) . In contrast, coupling the DRL to a pair of qMZMs, the ZBCP shifts away from resonance and its width shrinks as ∼ T r/(1+r) for T < T 2 (see Fig. 1b ). These disparate results follow from flow towards different RG fixed points, where the DRL strong coupling fixed point is guaranteed by the topologically induced degeneracy from a topological MZM. Our findings thereby suggest that a topological phase transition in the SC nanowire triggers in turn a boundary phase transition in the DRL, which is detectable in the zero bias conductance. Our proposal can naturally be extended to detect MZMs in other hybrid systems. For example, we envision that one could distinguish between topologically pinned MZMs and trivial low energy states in Josephson junctions (see e.g. Ref. 10 ).
In addition to demonstrating a delicate interplay between MZMs from topology and from frustration/interactions, we expect our results to be useful for identifying true MZMs and topological superconductivity, thereby paving the way towards topologically protected qubits. In this Supplemental Material, we provide details on the Majorana-dot couplings (Sec. SA), the shift of the conductance peak in the qMZM scenario (Sec. SB), and brief RG calculations for the stability of the topologically protected ZBCP with general 0 < r < 2 (Sec. SC). For the special value r = 1, we also supply additional conductance curves for other parameters than in the main text (Sec. SD) We end with a direct comparison between the DRL and a dissipation free resonant level (Sec. SE).
SA. MAJORANA-DOT COUPLINGS
In this section, we briefly discuss the parameters t 1 , t 1 , t 2 and t 2 of Eq. (4) in the main text. Let us consider a superconducting wire coupled to a dot. This setup is described by electron creation operators d † 1 and d † 2 . In general, the coupling Hamiltonian reads
where the λ i are general coupling parameters. Note that the pair-creation and annihilation operators are to be accompanied by an operator creating or destroying a Cooper pair in the superconductor. However, if the superconductor is large and grounded, and if the fluctuations in expectation value of the electron number operator are negligible, the effects of the pair-operator can be treated as simple phase factors absorbed into d 1,2 and d † 1,2 : the anti-commutation relation between these operators do not change. We next rewrite d 1 and d 2 into two pairs of Majorana operators
and Eq. (S1) becomes
Eq. (S3) thus gives us the choice of parameters used in Eq. (4) in the main text. Without loss of generality, we can always get rid of the phases in λ 1,2 by a redefinition of the dot operators such that both λ 1 and λ 2 become real. Then only χ 1 η 2 and χ 2 η 1 remain and the situation corresponds to the t 1 , t 2 = 0 case in Eq. (4). However, our definition of parameters in Eq. (4) is not redundant: there, the d and d † operators are defined such that V is real, and we do not have any additional choice to re-define them. This leaves us with the general form of H Mdot in Eq. (4).
SB. SHIFT OF THE CONDUCTANCE PEAK FOR QMZMS
Here, we comment upon the shift of the conductance peak from = 0 to d = (−t 1 t 2 + t 1 t 2 )/ M in the qMZM scenario. To understand this, we consider V = 0 in Eq. (2) in the main text. The system then consists of four Majorana fermions coupling to each other and can be straightforwardly diagonalized. The low energy states have energies
Apparently, when d M + t 1 t 2 − t 1 t 2 = 0 we have that + = − and the impurity system consists of two degenerate ground states. At this very point, the system thus contains a double degeneracy even in the qMZM scenario. For low temperatures, the system then mimics that of a bare DRL model except that the degenerate symmetric point now occurs at d = (−t 1 t 2 +t 1 t 2 )/ M instead of d = 0.
SC. GENERAL RG CALCULATIONS
For the special choice r = 1, we discussed in the main text the RG flow of the system by using the g-theorem. For a general choice of r, we investigate here the flow with RG arguments. For convenience, we first define the two impurity Majorana fermions a = (d + d † )/ √ 2 and b = (d − d † )/(i √ 2).
I. RG equations in the MZM scenario
When the wire is in the topological regime, only one Majorana operator is present in Eq. (4) in the main text. In what follows, we denote it simply by γ. The effective tunneling Hamiltonian and the dot-Majorana coupling then read
where we have already ignored the quartic term [the last term of Eq. (8)]. In this expression, the influence of t 1 is quite limited since it can be combined with the dot detuning into an effective detuning i( d a − t 1 γ)b. More interesting is the influence of t 1 .
To begin with, if t 1 = 0, the effective Hamiltonian becomes that of a detuned isolated DRL. At low temperatures, the leading operator that may destroy the conductance peak, i.e. the effective detuning operator, becomes [1] ∼t sin[
wheret is the weak backscattering parameter dual toṼ . The leading order RG equation fort reads
i.e. the scaling dimension oft is 1/(1 + r), andt is relevant for r > 0. Hence, any detuning is capable of destroying the resonance feature of an isolated DRL. On the contrary, if t 1 = 0, when the temperature T t 1 , then a and γ form a singlet. Since the impurity part of Eq. (S6) [i.e, ( d a − t 1 γ)] changes the occupation of this singlet, only virtual states are allowed. Consequently, the leading relevant operator is either the first descendent [2] of Eq. (S6) with scaling dimension 1 + 1/(1 + r), or the high-order tunneling parameter
with scaling dimension 4/(1+r). With 0 < r < 2, the leading irrelevant operator thus has the scaling dimension 1+1/(1+r) > 1, and the strong coupling fixed point is stable.
II. RG Equations in the qMZM scenario
In the presence of a pair of quasi-MZMs, the low-temperature system effective Hamiltonian reads
Once again, the terms it 1 bγ 1 and it 2 bγ 2 are not important since they combine with the term i d ab into i( d a − t 1 γ 1 − t 2 γ 2 )b into an effective dot detuning. We now study the effects of the terms it 1 aγ 1 + it 2 aγ 2 + i · 0 · aζ, where ζ is an auxiliary Majorana operator introduced for the convenience of the analysis. We consider a system that consists of two two-level systems, and label their states as |n 1 , n 2 . Here, n 1 = 0, 1 labels the fermionic state composed by a and ζ, and n 2 = 0, 1 that of γ 1 and γ 2 . We next diagonalize this composite system to obtain the eigenstates. Interestingly, the ground state with energy − t 2 1 + t 2 2 /2, is doubly degenerate with
|0, 0 + |1, 1 , and From Eq. (S10) we see that in comparison to the MZM scenario, the system now has the possibility to transition between |g 1 and |g 2 . The effective backscattering of the DRL at low temperature then becomes
where σ x and σ y are two Pauli matrices in the space spanned by |g 1 and |g 2 , and c 1 and c 2 are two non-universal constants.
The backscattering operator has the scaling dimension 1/(1 + r) and becomes relevant when r > 0. Consequently, the weak backscattering at the strong coupling fixed point becomes relevant, and the system prefers the weak coupling fixed point.
SD. ADDITIONAL CONDUCTANCE CURVES FOR r = 1
In contrast to the parameter choices of Fig. 3 in the main text, we provide here conductance curves in two additional regimes. Experimentally, one may reach these regimes for sharper wire confinement potentials.
As our first regime, we take t 2 /t 1 ∼ 10 −1 , which generate the conductance curves depicted in Fig. S1 . We notice that a manifest peak shift now begins to emerge at a much higher temperature T ∼ 0.1Γ than in Fig. 3 of the main text. Experimentally, this ratio allows for a detection of qMZMs at T ≈ 10 mK.
As our the second regime, we take either t 2 , t 2 , or M (or all three parameters) to be comparable to t 1 and t 1 . The results are shown in Fig. S2 . A comparison with Fig. 3 in the main text indicates that when two qMZMs have similar coupling strengths to the DRL, we can distinguish a topological MZM from qMZMs from the conductance for temperatures as high as T ∼ t 1 .
SE. CONDUCTANCE FOR A DISSIPATION-FREE RESONANT LEVEL
In the main text, we emphasized that the presence of dissipation amplifies the effects of topology: The topologically induced degeneracy stabilizes the quantum critical point of the DRL model, which leads to a strong signature in the presence of the MZM. To illustrate this point further, we provide here conductance curves for a dissipation free resonant level in Fig. S3 . From Fig. S3(a) which depicts the qMZM scenario, we see that the conductance peak is now Lorentzian, with a width saturated to the level broadening of the resonant level at low temperatures. This feature evidently makes it very difficult to experimentally distinguish between the MZM and qMZM scenarios without the dissipation. * gu.zhang@kit.edu † christian.spanslatt@kit.edu [S1] G. Zhang 
